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Abstract 

We prove the uncertainty relation T/^yAm ~ 2-kH/c 2 , which is realized on 
a statistical mechanical level for an ensemble of events in (1 + -D)-dimensional 
spacetime with motion parametrized by an invariant "proper time" r, where 
Jav is the average passage interval in r for the events which pass through a 
small (typical) (1 + Z))-volume AV, and Am is the dispersion of mass around 
its on-shell value in such an ensemble. We show that a linear mass spectrum is 
a completely general property of a (1 + D) -dimensional off-shell theory. 
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1 Introduction 

In this paper we shall use a manifestly covariant form of statistical mechanics which 
has more general structure than the standard forms of relativistic statistical mechan- 
ics, but which reduces to those theories in a certain limit, to be described precisely 
below. These theories, which are characterized classically by mass-shell constraints, 
and the use, in quantum field theory, of fields which are constructed on the basis of 
on-mass-shell free fields, are associated with the statistical treatment of world lines 
and hence, considerable coherence (in terms of the macroscopic structure of whole 
world lines as the elementary objects of the theory) is implied. In nonrelativistic sta- 
tistical mechanics, the elementary objects of the theory are points. The relativistic 
analog of this essentially structureless foundation for a statistical theory is the set of 
points in spacetime, i.e., the so-called events, not the world lines (Currie, Jordan and 
Sudarshan |l] have discussed the difficulty of constructing a relativistic mechanics on 
the basis of world lines). 

The mass of particles in a mechanical theory of events is necessarily a dynamical 
variable, since the classical phase space of the relativistic set of events consists of 
the spacetime and energy-momentum coordinates {q^, t^, pi,Ei}, with no a priori 
constraint on the relation between the and the Ei, and hence such theories are 
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"off-shell" . It is well known from the work of Newton and Wigner that on-shell 
relativistic quantum theories such as those governed by Klein-Gordon or Dirac type 
equations do not provide local descriptions (the wave functions corresponding to 
localized particles are spread out); for such theories the notion of ensembles over 
local initial conditions is difficult to formulate. The off-shell theory that we shall use 
here is, however, precisely local in both its first and second quantized forms j3], |J. 

We finally remark that the standard formulations of quantum relativistic statisti- 
cal mechanics, and quantum field theory at finite temperature, lack manifest covari- 
ance on a fundamental level. As for nonrelativistic statistical mechanics, the partition 
function is described by the Hamiltonian, which is not an invariant object, and hence 
thermodynamic mean values do not have tensor properties. [One could consider the 
invariant p M n M in place of the Hamiltonian ||, where is a unit four- vector; this 
construction (supplemented by a spacelike vector othogonal to n fl ) implies an induced 
representation for spacetime. The quantity that takes the place of the parameter t 
is then x^n^ 1 ; in the corresponding quantum mechanics, the space parts of (induced 
form of) the momentum do not commute with this time variable. Some of the prob- 
lems associated with this construction are closely related to those pointed out by 
Currie, Jordan and Sudarshan HJ, for which different world lines are predicted dy- 
namically by the change in the form of the effective Hamiltonian in different frames.] 
Since the form of such a theory is not constrained by covariance requirements, its dy- 
namical structure and predictions may be different than for a theory which satisifies 
these requirements. For example, the canonical distribution of Pauli || for the free 
Boltzmann gas has a high temperature limit in which the energy is given by 3&bT, 
which does not correspond to any known equipartition rule, but for the corresponding 
distribution for the manifestly covariant theory, the limit is corresponding to 

\ksT for each of the four relativistic degrees of freedom |7], ||. For the quantum field 
theories at finite temperature, the path integral formulation |§ replaces the Hamil- 
tonian in the canonical exponent by the Lagrangian due to the infinite product of 
factors (</>\ir) (transition matrix element of the canonical field and its conjugate re- 
quired to give a Weyl ordered Hamiltonian its numerical value). However, it is the 
t variable which is analytically continued to construct the finite temperature canoni- 
cal ensemble, completely removing the covariance of the theoretical framework. One 
may argue that some frame has to be chosen for the statistical theory to be devel- 
oped, and perhaps even for temperature to have a meaning, but as we have remarked 
above, the requirement of relativistic covariance has dynamical consequences (note 
that the model Lagrangians used in the non-covariant formulations are established 
with the criterion of relativistic covariance in mind), and we argue that the choice of a 
frame, if necessary for some physical reason, such as the definition and measurement 
of temperature, should be made in the framework of a manifestly covariant structure. 

In the framework of a manifestly covariant relativistic statistical mechanics, the 
dynamical evolution of a system of N particles, for the classical case, is governed by 
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equations of motion that are of the form of Hamilton equations for the motion of N 
events which generate the space-time trajectories (particle world lines) as functions of 
a continuous Poincare-invariant parameter r |Tt], |TTJ, usually referred to as a "proper 
time" . These events are characterized by their positions = (t, q) and energy- 
momenta p^ 1 = (E, p) in an 8iV-dimensional phase-space. For the quantum case, 
the system is characterized by the wave function ip T (qi, q 2 , ■ ■ ■ , Qn) £ L 2 (R m ), with 
the measure d A qid i q2 ■ ■ ■ d 4 q N = d m q, (<& = gf; fi = 0,1,2,3; i — 1,2, . . . , N), 
describing the distribution of events, which evolves with a generalized Schrodinger 
equation The collection of events (called "concatenation" [|12|]) along each world 



line corresponds to a particle, and hence, the evolution of the state of the iV-event 
system describes, a posteriori, the history in space and time of an iV-particle system. 
For a system of N interacting events (and hence, particles) one takes 



# = E^ + ^(?i>^...,?iv), (i.i) 

i 

where M is a given fixed parameter (an intrinsic property of the particles), with the 
dimension of mass, taken to be the same for all the particles of the system. The 
Hamilton equations are 

dqj = dK_ = 
dr dp ifi M' 
drf OK dV 
dr dq ilM dq itl ' 
In the quantum theory, the generalized Schrodinger equation 
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d 

i-Q-'tAqi, <12, ■ ■ ■ , gjv) = Ki[) T (qi, q 2 , . . . , q N ) (1.3) 

describes the evolution of the iV-body wave function t/j T (qi, q 2 , ■ ■ ■ , ?jv)- To illustrate 

the meaning of this wave function, consider the case of a single free event. In this 
case (1.3) has the formal solution 

Mq) = (e- lKoT ^o)(q) (1.4) 

for the evolution of the free wave packet. Let us represent Vv(<?) by its Fourier 
transform, in energy-momentum space: 



P 2 



Mq) = J dVr'wv^ob), (1.5) 

where p 2 = p-q = p^q^-, and ipo(p) corresponds to the initial state. Applying the 
Ehrenfest arguments of stationary phase to obtain the principal contribution to ip T {q) 
for a wave packet at one finds (p£ is the peak value in the distribution ipo{p)) 

q» ^ %r, (1.6) 
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consistent with the classical equations (1.2). Therefore, the central peak of the wave 
packet moves along the classical trajectory of an event, i.e., the classical world line. 

It is clear from the form of (1.3) that one can construct relativistic transport theory 
in a form analogous to that of the nonrelativistic theory; a relativistic Boltzmann 
equation and its consequences, for example, was studied in ref. [[[3] . 



Since, in the Hilbert space L 2 (i? 4 ) the operators x^,p u obey the canonical com- 
mutation relations (g^ u = diag(— , +, +, +)) 

[a?,jr\=ihgv, (1.7) 

the uncertainty relations 

h h 

Ax Ap >-, At AE > — (1.8) 

follow directly from the mathematical structure of the theory, and are on the same 
footing (with the usual statistical interpretation |H). The dispertion At is a property 
of the wave function %jj T {q) at a given r. 

Arshansky and Horwitz || have studied thought experiments analogous to those 



discussed by Landau and Peierls [15), within the framework of the manifestly covariant 
relativistic quantum theory which we are using here, and derived the (causal) Landau- 
Peierls relation 

h 

At Ap ~ -, (1.9) 

c 

concerning the time interval At during which the momentum of a particle is measured, 
and the momentum dispersion of the state. 

In this paper we shall discuss another uncertainty relation following directly from 
the mathematical structure of the theory which is realized on a statistical mechanical 
level (for an ensemble of events), 

T AV Am £ — , 1.10 

where Am is the mass dispersion around the on-shell value due to the off-shellness of 
the events making up the ensemble, and T&y is the average passage interval in r for the 
events which pass through the small (typical) four-volume AV^ in the neighborhood 
of the _R 4 -point.[] The four- volume AV is the smallest that can be considered a 
macrovolume in representing the ensemble. T&y is related to the (average) extent of 

1 This result is analogous to the nonrelativistic At AE relation, which, as for (1.10), does not 
follow from commutation relations and the Schwartz inequality. The nonrelativistic time-energy 
uncertainty relation, in fact, follows from (1.10) and (1.11) in the nonrelativistic limit for which 
t — > t, (E)/M — > 1, and Am c 2 — > AE. This result implies the existence, in the non-relativistic 
limit, of a residual ensemble over t, consistently with the treatment of the non-relativistic limit given 
in ref. [7]. 
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the ensemble along the time axis, through the Hamilton equation (1.2) for ix = (in 
the sense of a statistical average), 

At - & (1.11) 



T AV M ' 

if the ensemble is constructed with the minimum time span to characterize the phys- 
ical system. 



2 Ideal relativistic gas of events 

To describe an ideal gas of events in the grand canonical ensemble, we use the expres- 
sion for the number of events given in (in the following we shall use the system of 
units in which h = c = k B = 1, unless otherwise specified), 

jy = £7v = E 1 (2.1) 

where E = p°, m 2 = —p 2 = —p^p^, and the sign in the denominator of (2.1) is 
determined by the event statistics in the usual way; \xk is an additional mass potential 
J/J, which arises in the grand canonical ensemble as the derivative of the free energy 
with respect to the value of the dynamical evolution function K, interpreted as the 
invariant mass of the system. In the kinetic theory 0, iijc enters as a Lagrange 
multiplier for the equilibrium distribution for K, as \x is for N and 1/T for E. In 
order to simplify subsequent considerations, we shall take it to be a fixed parameter. 

We restrict ourselves, in the following, to the case of the events obeying Bose- 
Einstein statistics and use, therefore, the relation (2.1) with the minus sign in the 
denominator. To ensure a positive-definite value for n P M, the number density of bosons 
with four- momentum p M , we require that 

9 

771 

m-ii-ii K > 0. (2.2) 

P P 2M ~ v ; 

The discriminant for the l.h.s. of the inequality must be nonnegative, i.e., 

M , . 

" £ w < 2 - 3 > 

For such fi, (2.2) has the solution 

\ Ml I 9.1111 r,\ 

= m 2 . (2.4) 
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For small fifix/M, the region (2.4) may be approximated by 

2M , . 

/i<m< . (2.5) 

One sees that fix plays a fundamental role in determining an upper bound of the 
mass spectrum, in addition to the usual lower bound m > //. In fact, small fix admits 
a very large range of off-shell mass, and hence can be associated with the presence 
of strong interactions [16]. For our present purposes it will be sufficient to assume 
that the mass distribution has a finite range mi < m < m 2 around the on-shell 
value m c = M/[Ik corresponding to the limiting value for which the inequality (2.3) 
becomes an equality. 

In order to show that our results hold independent of the dimensionality of space- 
time, we shall consider our ensemble in one temporal and D spatial dimensions, 
D > 1. 

Replacing the sum over p M (2.1) by an integral, 



y(i+£>) r 



where is the system's (1 + _D)-volume, and using the relation (p M = (p°, p)) 

S 1+D ^p=^l-dm 2 , m 2 = -p^, (i = 0,l,...,D, 

one obtains for the density of events per unit (1 + /^-volume, n = N/V {1+D \ 

r m 2 dm m f d D p 



n 



mi 2vr J (2n) D p 



■o/(p), (2-6) 



with f(p) = n p n, as given in Eq. (2.1). Typical average values are given by the 
relations 

. ... 1 f m 2dmm f d D p „ „, s . 

v ) = nL — JWfh^ m ' (27) 

/ „ m 1 r m ^dmm r d D p .. .... . , n . 

(pV> = n L — I ^ fiP) ' ^ (2 ' 8) 

To find the expressions for the pressure and energy density in our ensemble, we 
study the particle energy-momentum tensor defined by the relation?] |TJ[ 

T^(q) = E / dr^5 1+D (q - q t (r)), (2.9) 
; J m r 



2 The corresponding relation of ref. |l3[ is given in four-dimensional spacctime. 
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in which m c is the value around which the mass of the events making up the ensemble 
is distributed. Upon integrating over a small (1 + /})-volume AV^ and taking the 
ensemble average, (2.9) reduces to JIB 



Tav 

Tflc 



nlyfp v ). 



(2.10) 



In this formula, n = N/V, and Tav is the average passage interval in r for the events 
which pass through AV, which we discussed above. The formula (2.10) reduces, 
through Eq. (2.8), to 



T 



AV 



in ■> 



dm m 



(2tt)V 



pV7(p)- 



(2.11) 



2irm c J ra x 

Using the standard expression 

(n=P!r-(p+^v, (2.i2) 

where p and p are the particle pressure and energy density, respectively, we obtain 
P=(T 00 ), p=-L*<T«), * = 1, 2,..., A 



D 



and therefore, through (2.11), 

Tav 



P 



1112 



P 



2Tim c J mi 

Tav 



dm m 



f(p), 



ni2 



dm m 



d D p p 2 

(2tt) d Dp 

D P°f(p) 



dD P r o 
(2nY 



(2.13) 



(2.14) 



27rm c jmi 

We now calculate the particle number density per unit D- volume. The particle D + 1- 
current is given by the formula Jl3| 



J m c 



(2.15) 



which upon integrating over a small (1 + D)-volume and taking the average reduces 
to 

(jm) = ^ln(p^); (2.16) 



m r 



then the particle number density p, 17 



is 



N = (J°) 



Tav 

m r 



n(E), 



(2.17) 
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so that, with the help of Eq. (2.7), 



Since 



p= I W^W f{p) ' p(m) ' (2 ' 19) 



p°f(p) = p{m) (2.20) 



(2tt) d 
and 

= / /(p) = N (m) (2.21) 

are the standard expressions for the pressure, energy density and particle number 
density in 1 + D dimensions, respectively [|TB| , PDf , we have the following relations: 

Tav f m2 

p = / dmmp(m), (2.22) 

2nm c Jna 

Tav A™ 2 



27rm, 



rrn 2 

/ dmmp(m), (2.23) 

J mi 



c "'mi 

A^ = — ^- / dm m N (m). (2.24) 
2nm c Jmi 

It is seen in these relations that the manifestly covariant framework provides a linear 
mass spectrum, independent of the dimensionality of spacetime. In order to obtain the 
expressions for the basic thermodynamic quantities, one has to integrate the standard 
(on-shell) results over this spectrum within the range of the mass distribution. 

Using the formulas (2.22)-(2.24), one can establish the uncertainty relation (1.10) 
for a narrow mass width around the on-shell value: asm-> m c , 

dm m f(m) — > Am m c f(m c ), (2.25) 

mi 

where f(m) stands for each of the p(m) , p(m) , N (m) , and Am is the (infinitesimal) 
width of the mass distribution around m c . The requirement that the results for p, p 
and iVo coincide with those of the usual on-shell theories implies p = p(m c ),p = 
p(m c ),N = N (m c ) in Eqs. (2.22)-(2.24), which leads, with Eq. (2.25), to the 
relation^ 

Tav Am = 2vr, (2.26) 

the case of equality in the relation (1.10), in agreement with the results obtained 
earlier in ref. jni]. One can understand this relation, up to a numerical factor, in 

3 In c.g.s. units, this relation has a factor U/c 2 on the right hand side. 
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terms of the uncertainty principle (rigorous in the L 2 (R 4 ) quantum theory) AE-At > 
1/2. Since the time interval for the particle to pass the volume AV (this smallest 
macroscopic volume is bounded from below by the size of the wave packets) At ~ 
E/M At, and the dispersion of E due to the mass distribution is AE ~ mAm/E, 
one obtains a lower bound for T&yAm of order unity. 



3 Mass-proper time uncertainty relation 

We now wish to prove the relation (1.10) for the general case, not only for the case of a 
narrow mass width as done in the previous section. First, we note that we previously 
considered a relativistic ensemble without degeneracy; therefore no degeneracy factor 
appeared in the expressions for the basic thermodynamic quantities. Now suppose 
that we have v internal degrees of freedom in our ensemble which correspond to 
degeneracy. In this case considerations made previously will remain valid and lead to 
the formulas (2.22)-(2.24) with the extra factor of v on their right hand side: 

p = / dmmpim), (3-1) 

2nm c Jmt 

p = / dm m p(m), (3.2) 

2wm c Jmi 

N = / dm m N (m). 3.3 

On the other hand, according to our previous arguments, one can consider the v 
degrees of freedom as being distributed in the mass interval m\ < m < m2 with a 
linear mass spectrum, 

r(m) = Cm, (3.4) 

which leads to the formula 

p = dm r(m) p{m), (3-5) 

J mi 

and analogous relations for p and Nq (similar to the treatment of a strongly interacting 
system by means of a particle resonance spectrum p2[). In fact, the linear mass 
spectrum finds its confirmation in the experimental hadronic resonance spectrum: if 
one calculates, for example, the pressure in the hadronic resonance gas by summing 
up the individual contributions of a finite number of the different hadronic species 
with the corresponding degeneracies, 

T 2 m 2 

P = J29iP(mi), p(mi) = -^-K 2 {mi/T), 
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and by using the formula (3.5), in which mi and m 2 are the masses of the lightest 



and the heaviest species, respectively, the results coincide [23 



The normalization constant C is determined by the condition 

2 

r(m) dm = v\ (3-6) 



mi 

therefore 

C — n k — — - . . , (3.7) 

m 2 — mf Am(mi+m 2 J/2 

where Am = m2 — mi is the width of the mass distribution in a general case. Since 
m c should be associated with one of the averages (m) or (m 2 ) which both are closer 
to m 2 than to mi for a linear spectrum [(mi + m 2 )/2 ~ m c ], 

C~ V — . (3.8) 

m c Am 

Direct comparison of the formulas (3.1)-(3.3) with the relation (3.5) and analogous 
formulas for p and Nq, with r(m) given by (3.4), 

p = C dmmp(m), (3-9) 

J mi 
m2 

mi 
in-. 



leads to the relation 



p = C dmmp(m), (3.10) 

J mi 
rm 2 

N = C dmmN {m), (3.11) 

J mi 

Tav" 



C 



27rm r 



which reduces, through (3.8), to 



T Ay Am ~ 2tt, (3.12) 



the relation (1.10) for the general case of the finite range mass distribution. 

In order that our considerations be valid, the effective degeneracy in a relativistic 
ensemble should be large, v » 1, so that one could speak of the distribution of 
v degrees of freedom in a finite mass range. This is the case for realistic physical 
systems such as high temperature strongly interacting hadronic matter p! 
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4 Concluding remarks 



In this paper we have proved the uncertainty relation (1.10) for the general case of a 
finite range of mass distribution in a relativistic ensemble. This relation allows one 
to admit the following picture of a strongly interacting system: one can consider a 
strongly interacting system as a distribution of free particles which temporarily go off- 
shell while undergoing an interaction. Then T&y may be associated with the time for 
the particle to remain very close to its mass shell. So, for weakly interacting systems, 
Am ~ 0, Tav — oo, i.e., the particle remains on-shell almost all the time. In contrast, 
for a strongly interacting system, ~ [[il|; then, in view of (2.5), Am ~ oo, and 
T&v ~ 0, i.e., the particle is off-shell almost always (because it undergoes interaction 
almost continuously). 

We have remarked that the non-relativistic limit of the mass- "proper time" un- 
certainty relation provides a new derivation of the AEAt ~ % relation of the non- 
relativistic theory. This result implies, as we pointed out, the existence of a residual 
ensemble over t, even in the non-relativistic limit. Such an ensemble has been intro- 
duced recently |24| in order to achieve an exact semigroup (exponential decay) law of 
evolution for the reduced motion of an unstable system. The usual derivation |25| of 
the non-relativistic energy-time uncertainty relation studies the motion of the system 
under the action of the full Hamiltonian relative to the eigenstates of unperturbed 
energy; this procedure corresponds precisely to that of Weisskopf and WignerpB] for 
the description of the decay of unstable systems. It is argued in refs. that the 
introduction of an ensemble over t is necessary for achieving the semigroup property 
as well as for the consistency of the interpretation. 

The uncertainty relation (1.10) may be useful in practical calculations concerning 
realistic strongly interacting systems in which the particles are necessarily off-shell. 
For example, it may allow one to estimate the relaxation times for the quark-gluon 
plasma created in ultrarelativistic heavy-ion collisions. 
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